We develop a non planar topological vertex formalism and we use it to study the A-model partition function Z top of topological string on the class of toric CalabiYau threefolds (CY3) in large complex structure limit. To that purpose, we first consider the T 2 × R special Lagrangian fibration of generic CY3-folds and we give the realization of the class of large µ toric CY3-folds in terms of supersymmetric gauged linear sigma model with non zero gauge invariant superpotentials W (Φ). Then, we focus on a one complex parameter supersymmetric U (1) gauged model involving six chiral superfields {Φ i } with W = µ 5 i=0 Φ i and we use it to compute the function Z top for the case of the local elliptic curve in the limit µ → ∞.
Introduction
The discovery of topological tri-vertex formalism 1 by Aganagic et al [1] and the developments that followed [2] - [17] have given a big impulse to the study of topological string on local Calabi-Yau threefolds X 3 . Amongst the multiple results obtained in this direction, we mention too particularly: (i) the explicit computation of the A model topological string amplitudes for the set of toric Calabi-Yau threefolds (CY3s) [1, 8] .
(ii) the works of Bryan and Pandharipande who determined completely the local invariants of nonsingular g-genus curves [31, 32] ; and (iii) the derivation of the generating function of Gromov-Witten invariants of toric Calabi-Yau threefolds, which can be also expressed in terms of the topological vertex [33] . However, in most of these studies, a special interest has been devoted to topological strings on those toric CY3s which have a realization in terms of 2D N = 2 supersymmetric gauged linear sigma model without chiral matter superpotential; that is W (Φ) = 0. In this paper, we investigate the general situation where non zero chiral superpotentials W (Φ) = 0 are implemented and we study topological strings on that special class of toric Calabi-Yau threefolds H 3 describing backgrounds with W (Φ) = 0. For this case, W (Φ) = 0, we will show amongst others that the topological vertex formalism involves a non planar (np) topological vertex C (np) rather than the standard planar one of ref [1] . Moreover, considering toric CY3s H 3 embedded in complex Kahler 4-folds X 4 ; we show equally that their topological vertex C (np) shares basic features of the topological 4-vertex associated with the ambient space X 4 . The interpretation of C (np) in terms of 3d-partitions was exhibited in [18] ; but here we make a step further towards a formalism based on 2d-partitions by mainly using the decomposition property of 3d-partitions (known as well as plane partitions) in terms of Young diagrams [19, 20, 34] . Before going ahead, it is interesting to note that to deal with C (np) with rigor, sophisticated mathematical tools are needed. Below, we will use rather a physical approach to shed more light on C (np) by taking advantage of the link between Calabi-Yau manifolds and supersymmetric gauged linear sigma models. In this optic, we first give useful tools on toric geometry [21, 22, 23] by focusing on the T 2 × R special Lagrangian fibration of Calabi-Yau threefolds [24, 25, 26] associated to supersymmetric linear sigma models with non zero gauge invariant superpotentials W (Φ). Then, we study the explicit expressions of the various hamiltonians of the T 2 × R fibration of toric CY3s and we determine explicitly the values of the shrinking cycles of the non planar vertices solving the Calabi-Yau condition. This CY condition is physically interpreted in terms of the conservation of total momenta at each vertex of the toric web diagram in the same spirit as in the case of Feynman graph vertices of quantum field theory (QFT).
As an illustration of the construction, we compute the A model topological string partition function of the local elliptic curve in the large complex structure limit by using the cutting and gluing method gotten by mimicking the Aganagic et al approach.
The organization of this paper is as follows: In section 2, we briefly describe the supersymmetric field theoretical set up of Calabi-Yau threefolds with large complex structures. In section 3, we introduce helpful tools for later use. We study the toric representations of local normal bundle NP n−1 for lower values of n ≤ 4, by using supersymmetric gauged linear sigma model. We also give useful results on these toric CY3s, make comments on T n−1 ×R special Lagrangian fibration and determine the corresponding hamiltonians. In section 4, we study the simplest example involving one gauge superfield V and six chiral superfields {Φ 0 , Φ 1 , Φ 2 , Φ 3 , Φ 4 , Φ 5 } with chiral superpotential W (Φ) = µ
This gauge invariant superfield model describes the local 2-torus in the large complex structure limit. In section 5, we study the topological vertex formalism for topological string on the local elliptic curve by using the non planar vertex . In section 6, we give a conclusion and perspectives and in section 7, we give an appendix on local GromovWitten invariants of curves in a Calabi-Yau threefold [8, 31] and their relationship with the non planar topological vertex presented in this paper.
2 CY3s in large complex structure limit
To deal with the field theoretical set up of the complex deformations of CY3s captured by gauge invariant chiral superpotential monomials, we start by recalling the 2D N = 2 supersymmetric (or equivalently 4D N = 1) gauged linear sigma model with Lagrangian density [27] ,
describing the Kahler deformations of CY3s. In this relation, the Lagrangian superdensity L Φ i , V a , Φ i ; t a is invariant under the following U r (1) abelian gauge symmetry,
with the q a i integers being the gauge charges of the matter superfields and Λ a standing for chiral superfield gauge parameters. The real superfields
3) appearing in eq(2.1) are U r (1) abelian gauge superfields; the t a s are Kahler parameters and the hermitian super-density L Φ i , V a , Φ i ; t a describes the gauge invariant interacting dynamics of the 2D N = 2 chiral superfields Φ i and Φ i .
D-terms and CY3s
In this field theoretical formulation, the defining equation of local Calabi-Yau threefolds X 3 is given by the usual equations of motion of the auxiliary D-terms
where φ i = Φ i | θ=0 are complex scalar fields, often denoted as z i , and where the real numbers t a are the Fayet-Iliopoulos (FI) real coupling constants. The real numbers t a 's are interpreted geometrically as Kahler parameters capturing Kahler deformations of the toric CY3 (2.4). The Calabi-Yau condition, requiring the vanishing of the first Chern class C 1 (X 3 ) = 0, translates in the superfield approach into the following condition on the U r (1) charges q a i of the matter superfields;
encoding the conformal behavior of the field theoretic model in the infrared [28, 29, 30] . Eqs(2.1-2.5) are very well known in literature and they are not our main purpose here; they are just tools towards the study of topological strings on a special class of toric Calabi-Yau threefolds H 3 going beyond the set of X 3 's described by eq(2.4). Below, we shall give details on the construction of the H 3 s; but before notice that our interest into this class of CY3s have been first motivated by looking for the extension of the Aganagic et al topological 3-vertex formalism to the general case where the interacting gauge invariant dynamics of the scalar fields φ i contain, in addition to the usual gaugematter couplings namely,
matter self-interactions captured by a non zero superpotential W (Φ) [27] - [29] . F-terms and the class of H 3 CY3s In the case where there are matter self-interactions, W (Φ) = 0, the above Lagrangian density L 0 extends as,
where the complex coupling constants µ i geometrically interpreted as complex moduli of the underlying CY3. But gauge invariance of the supersymmetric model severely restricts the family of the allowed polynomial chiral superpotentials since, under the gauge change (2.2), we should have
Eqs(2.8) put then a strong constraint on the allowed W (Φ)s. A complex one parameter gauge invariant model for the chiral superpotential W (Φ) is given by the typical monomial,
where µ is a complex coupling constant; describing a specific complex modulus of the CY3. In the example (2.9), it is not difficult to see that the constraint eqs(2.8) are fulfilled due to the Calabi-Yau condition eq(2.5).
The supersymmetric equations of motion following from eq(2.7) are given by δL δDa = δL 0 δDa = 0 eq(2.4); as well as the complex homomorphic ones,
where F and F are the well known auxiliary F-terms. We have
together with
From these relations, we learn that we should distinguish two main cases: (a) the case µ = 0, which corresponds to the usual supersymmetric gauged linear sigma models. It mainly deals with Kahler deformation moduli.
(b) the case µ = 0 describing a toric CY3-fold embedded in a higher complex dimension Kahler manifold. Below, we will be interested by the large complex structure limit case 13) so that (2.9) is thought of as the dominant term in the superpotential W (Φ). A priori, a refined study involving more than one complex parameter could be done without difficulty just by implementing other gauge invariant monomials in W (Φ).
A field model for the local elliptic curve To be more explicit, we consider hereafter one of the simplest supersymmetric gauged model; namely the one involving the following degrees of freedom:
For later use, we denote Φ 5 as Υ. (3) The total matter gauge invariant superpotential monomial,
The CY condition (2.5) for this model is solved as 15) with m an arbitrary integer which, for simplicity, we shall fix it to m = 3. For the case µ = 0, the target space parameterized by the six complex scalars φ i describe the CY5-fold O(−m) ⊕ O(−3) → W P (1, 1, 1, m) . For the case µ = 0, the eqs of motions of the F-terms (2.10) are non trivial since they capture extra constraints on the scalar fields as shown below In this case, the five eqs (2.16) can be collectively solved by taking γ = 0 restricting the holomorphic set of field constraints to eq(2.17). Putting this value γ = 0 back into eqs(2.12), we get
The first relation of these eqs describe a complex 4 dimension Kahler sub-manifold of the CY5-fold O(−m) ⊕ O(−3) → W P 20) with E being a complex curve given by three intersecting projective lines E = P with matrix intersection I αβ = P 1 α ∩ P 1 β as follows:
In the language of toric geometry where the projective lines P 1 are described by segments and the projective plane P 2 is represented by a triangle ∆, the complex curve E can be imagined as the toric boundary (∂P 2 ) of the complex projective plane P 2 . It can be thought as well as the toric realization of the elliptic curve in the large complex structure limit; µ → ∞. The toric web diagram of E is given by the boundary of the triangle (∂∆). The toric Calabi-Yau threefold (2.20) is then recovered by gluing the toric threefolds
with matrix intersection I αβ in the base manifold as in eq(2.21). As we will see later, the non planar topological vertex C (np) associated with the toric H (m,−m,0) 3 turns out to be given by the fusion of at least two planar topological vertices belonging to different planes; more details are exhibited in sections 4 and 5.
3 Toric representations of local N P n−1
In this section we review useful aspects of the NP n−1 toric model for lower values of n, namely n = 2, 3 and 4. The Calabi-Yau manifolds NP n−1 are the simplest toric CalabiYau varieties on which we can illustrate most of the basic geometric properties of local Calabi-Yau manifolds. But before going ahead, let us recall briefly the field content and the superfield action of NP n−1 for n ≥ 2.
In the 4D N = 1 superfield set up which is equivalent to 2D N = 2 formalism, the complex n dimension local manifold
is the target space of the U (1) gauged supersymmetric linear sigma model consisting of: (1) (n + 1) chiral superfields {Φ 0 , Φ 1 , . . . , Φ n } carrying the U (1) charges (−n, 1, . . . , 1) that satisfy the Calabi-Yau condition n i=0 q i = 0. (2) An abelian U (1) gauge superfield V which reads, in terms of the 4D N = 1 superspace coordinates x, θ, θ and the component fields A µ , λ a , λȧ, D , as follows,
The associated superfield Lagrangian density is
Notice that the equation of motion of the auxiliary D-field, namely (∂L N P n−1 /∂D) = 0, leads to the defining equation of O (−n) → P n−1 :
In the following we focus our interest on the leading n = 2, 3, 4 local manifolds NP n−1 that are relevant for the study of: (i) Low energy supersymmetric effective field theory limit of 10D type IIA superstring compactification down to lower dimensions, in particular to four space time dimensions.
(ii) Topological string on Calabi-Yau threefolds which is a powerful method to deal with the type II superstring perturbation theory. The fact that these NP n−1 manifolds are toric is an important property for the use of the Aganagic et al topological vertex method for computing topological string amplitudes.
N P 1 as a linear geometry
We first study the T 2 fibration of NP 1 and then we consider its
This analysis should be understood as an illustration of the main idea.
First of all, notice that algebraically, the toric diagram describing the complex projective line P 1 is given by the dimension 1-simplex B 1 fibered by a circle S 1 . The base B 1 is a segment in the real plane as shown below:
On each point {x} of the base B 1 lives a real 1-cycle S 1 x so that the projective line P 1 can be thought of as
The S 1 x fiber shrinks to zero on the two base's ends (x 1 , x 2 ) = (t, 0) and (0, t). Geometrically, the base B 1 is a finite straight line in the 1 4 -plane (x 1 , x 2 ) since x 1 , x 2 ≥ 0. In the limit t goes to zero, we have
and the 1-simplex B 1 shrinks to the origin of the plane where lives an SU (2) singularity described by the ALE space NP 1 .
Recall also that the local space NP 1 is a toric complex surface capturing a natural T
fiber parameterized by the phases ϑ i of the three complex variables z 0 , z 1 and z 2 , moded out by the U (1) gauge symmetry of eq(3.3). The corresponding toric graph is given by a non compact real surface B 2 ,
with a T 2 fiber.We have
which we we denote formally as T 2 × B 2 . Note that NP 1 is a toric surface, its boundary
is also toric and is given by a S 1 x fibration over the boundary real line
The corresponding toric diagrams of eqs(3.7-3.10) are reported in figure (1a)-(1b). For later use, it is interesting to consider the S 1 × R fibration of NP 1 where the previous
decompactified to R. More details are given below.
In this setting, the local surface NP 1 , and in general any smooth Calabi-Yau 2-fold, can be obtained by gluing together C 2 patches in a way that is consistent with Ricci-flatness.
The geometry of NP 1 (and any Calabi-Yau 2-fold) is encoded in the one dimensional graph Γ 1 in the base that corresponds to the degeneration locus of the fibration. In the example of NP 1 , shown on figure 2, we have two (bivalent) vertices V 1 and V 2 . The edges E 1 , E 2 and E 3 of the graph Γ 1 are oriented straight lines labeled by integers p i ∈ Z * describing the shrinking 1-cycle a i ∈ H 1 (S 1 ). The condition of being a smooth Calabi-Yau is equivalent to the condition that on each vertex V , if we choose the edges to be outgoing with charges p i , we must have
For the case at hand, we have
Changing the orientation on each edge E i corresponds to replacing p i → −p i which does not change the Calabi-Yau geometry. The graph of the S 1 × R fibration of the local surface NP 1 , which involves two open sets
can be obtained as follows: Let z i be local complex coordinates on C 2 , i = 0, 1. In the patch U 1 (z 0 , z 1 ), the base of the S 1 fibration is the image of the moment map
which reads in the patch U 2 (z 0 , z 2 ) as
The non compact direction R is generated by r β = Im (z 0 z 1 z 2 ). The special Lagrangian fiber is then generated by the action of the two "Hamiltonians" r α and r β on C 2 via the standard symplectic form ω = i (dz 0 ∧ dz 0 + dz 1 ∧ dz 1 ) on C 2 and the Poisson brackets
Note that the S 1 fiber is generated by the U (1) action
which degenerates over z 0 = 0 = z 1 .
N P
2 as a planar geometry
The toric diagram describing the complex projective surface P 2 is given by T 2 fibration over the dimension 2-simplex
where t is the P 2 Kahler parameter. B 2 is a finite equilateral triangle embedded in the
In the limit t goes to zero, B 2 shrinks to the origin of the octant where lives a P 2 singularity. In the case of the normal bundle O (−3) → P 2 viewed as a T 3 fibration over a real base B 3 , the corresponding toric graph is given by,
with a T 3 fiber; i.e
Note that NP 2 is toric and its boundary (divisor) is toric given by a T 2 fibration over the real surface
with,
The corresponding diagrams of eqs (3.17-3.20) are reported in figure (2a) and (2b).
The local surface NP 2 , and in general any smooth toric Calabi-Yau 3-fold, can be obtained by gluing together C 3 patches in a way that is consistent with Ricci-flatness. The geometry of NP 2 (and any Calabi-Yau 3-fold) is encoded in a planar graph Γ 2 in the base that corresponds to the degeneration locus of the fibration. In the present example, shown on figure 3, we have three (trivalent) vertices V 1 , V 2 and V 3 . The edges E i of the graph Γ 2 are oriented straight lines labeled by integer 2-vectors
describing the shrinking 1-cycle a i ∈ H 1 (T 2 ). The condition of being a smooth toric Calabi-Yau is equivalent to the condition that on each vertex V i , if we choose the edges to be outgoing with charges v i , we must have
Changing the orientation on each edge E i corresponds to replacing v i → −v i which does not change the Calabi-Yau geometry. The graph of the T 2 × R fibration of the local surface NP 2 involves three patches
and can be obtained as follows:
In the local patch U 3 (z 0 , z 1 , z 2 ), the base of the T 2 fibration is the image of moment
From these relations, one can read the U (1) × U (1) charges (α, β) of the z i variables.
We have for z 0 , z 1 and z 2 respectively
Similarly, we write down the r α and r β maps in the patch U 2 (z 0 , z 1 , z 3 ) and so the corresponding v 2i vectors. We have: 27) and
An analogous analysis for the local patch U 1 (z 0 , z 2 , z 3 ) leads to:
and
The non compact direction R is generated by r γ = Im (z 0 z 1 z 2 z 3 ). The special Lagrangian fiber is then generated by the action of the three "Hamiltonians" r α , r β and r γ on C 3 via the standard symplectic form ω = i i dz i ∧ dz i and the Poisson bracket ∂z i = {r, z i } ω .
Note that the T 2 fiber generated by
degenerates over z 0 = 0 = z 1 = z 2 .
3.3 N P 3 as a non planar geometry
The previous analysis extends naturally to the present case. The toric diagram of the complex projective space P 3 is given by T 3 fibration over the 3-simplex
The latter is a finite tetrahedron (a pyramid) embedded in R 4 + parameterized by (x 1 , x 2 , x 3 , x 4 ) which, in the limit t goes to zero, shrinks to the origin of R 4 + where lives a P 3 singularity.
The toric graph of the normal bundle NP 3 viewed as a T 4 fibration over a real base B 4
is given by
with a T 4 fiber. Notice that NP 3 is toric; its boundary is also toric and is given by an
The toric diagrams of P 3 and NP 3 are reported in figure (3a) and (3b).
The local surface NP The geometry of full NP 3 is then encoded in a non planar 3-dimensional graph Γ 3 in the base that corresponds to the degeneration locus of the fibration T 3 × R. In the present example, shown on figure 7, we have four (tetravalent) vertices V 1 , V 2 , V 3 and V 4 . The edges E i of the graph Γ 3 are oriented straight lines labeled by integer 3-vectors
describing the shrinking 1-cycle a i ∈ H 1 (T 3 ). The condition of being a smooth toric Calabi-Yau is equivalent to the condition that on each vertex V i , if we choose the edges to be outgoing with charges v i , we must have
As we see, changing the orientation on each edge E i corresponds to replacing v i → −v i which does not change the Calabi-Yau geometry. The graph of the T 3 × R fibration of NP 3 involves four patches
In the local patch U 4 (z 0 , z 1 , z 2 , z 3 ), the base of the T 3 fibration is the image of the moment maps
(3.39)
From these relations, one can read the U 3 (1) charges (α, β, γ) of the z i variables. We have, see also the corresponding figure,
In the local patch U 1 (z 0 , z 2 , z 3 , z 4 ), the maps as well as the corresponding v 1i vectors are:
Similarly, we can write down the hamiltonian maps and the vectors v 2i in the patch U 2 (z 0 , z 1 , z 3 , z 4 ). We have,
We also have for the local patch U 3 (z 0 , z 1 , z 2 , z 4 ):
The non compact direction R is generated by r δ = Im (z 0 z 1 z 2 z 3 z 4 ). This analysis generalizes immediately to O (−n) → P n−1 with n > 4.
Local degenerate elliptic curve
Always interested in the study of local Calabi-Yau threefold, we focus in this section on the particular local degenerate elliptic curve,
The elliptic curve can be generally denoted as E (t,µ) as it has one Kahler parameter t and one complex parameter µ. Below, we will consider the limit µ → ∞ so that E (t,∞)
can be identified with E = P 
. In this case, the base E (t,∞) (E for short) is a toric line realized by the special toric curve P
Then, E is the toric boundary of the complex projective plane P 2 ,
So, the toric graph of the compact part of H 3 consists of three intersecting triangles forming the boundary surface of a hollow tetrahedron. The toric graph of the shrinking 1-cycles of O (+3) → X 2 is given by figure 11 . This non standard Calabi-Yau threefold 1113 . An other way to thinking about X 3 is
describing the toric boundary surface of the complex dimension three weighted projective space; i.e X ′ 2 ⊂ W P 
In the framework of the topological string setting, the 4-vertices are described by local patches U i ≃ C 4 , Figure 9 : On left the graph of topological 3-vertex where each leg ends on a lagrangian submanifold. On right, we have the 4-vertex analog.
We will address this question with some details later on; but before that we first focus on the toric data of O (−3) → W P and its toric submanifold
Generally, a toric CY4-fold with local patches C 4 parameterized by complex coordinates {w i } has the natural toric (trivial) fibration By using eq(4.10), we see that this constraint eq can be solved in different ways; for instance by taking ρ where Ω is the usual holomorphic (4, 0) form.
In the present study, we are interested in the T 2 × R special Lagrangian fibration of the toric Calabi-Yau threefold O (−3) → ∂ W P 
Toric graph of
The toric graph of the Calabi-Yau threefold O (−3) → ∂ W P For the case of O (−3) → W P 3 1,1,1,3 , the defining equation is given by
For O (−3) → ∂ W P As mentioned earlier, eq(4.14) may be solved in three ways; either by w 1 = 0 whatever w 2 and w 3 are, or by taking w 2 = 0 or again by setting w 3 = 0. Notice that both eqs(4.13-4.14) are invariant under the U (1) transformations of the complex variables w j ≡ e iαq j w j . is a Calabi-Yau threefold. To handle the relations (4.13-4.14), we shall proceed as follows: First deal with eq(4.13) and then implement the constraint eq(4.14).
Analysis of eq(4.13)
We start from equation
solve it in four different
ways according to which set of variables is used. We have the following C 4 patches:
On the coordinate patch U 1 , the Kahler manifold O (−3) → W P 3 1,1,1,3 is described by the codimension one hypersurface of C 5 ,
Similarly, we have for the patch U 1 , U 2 and U 3 the following relations,
20)
Each one of the local patches U i is isomorphic to C 4 . To get the toric graph of the shrinking 2-cycles, we have to first identify the hamiltonians of the T 3 × R fibration of
Hamiltonians on the U 4 patch
Following the same method, we have used in subsection 2.2 concerning T 3 × R fibration of the 4-fold O (−4) → P 3 , see eqs(4.13-4.14), the hamiltonians
generating of the T 3 × R special Lagrangian fibration depends on the local patches we are sitting on. We have: Local patch w 4 = f 4 (w i ): On the patch U 4 (w 1 , w 2 , w 3 , w 0 ) of the 4-fold O (−3) → W P 3 1,1,1,3 where w 4 is solved in terms of the four complex variables (w 1 , w 2 , w 3 , w 0 ) as shown above, the three projective variables w 1 , w 2 , w 3 play a symmetric role. So the three hamiltonians
generating the 2-cycles of T 3 can be written as follows:
From these relations, we can write down the outgoing ("momentum") vectors
3 , v on the patch U 4 and solving it in three ways as w 1 = 0, w 2 w 3 = 0, or w 2 = 0, w 1 w 3 = 0 or again w 3 = 0, w 2 w 1 = 0, we discover that U 4 can be split into complex 3-dimension local patches U 4i equivalent to C 3 . These are given by,
where, for instance, the subindex on U 41 refers to the fact that on this local patch we have w 4 = f (w i ) and w 1 = 0. The hamiltonians generating the 1-cycles of the T 2 × R fibration read respectively as follows:
From these relations, we can write down the momentum vectors of the shrinking 1-cycles of the T 2 × R fibration. We have the following projections: 
More on Hamiltonians
Local patch U 1 : On the local patch U 1 (w 2 , w 3 , w 4 , w 0 ), the variable w 1 is expressed as f 1 (w 2 , w 3 , w 4 , w 0 ). The method is quite similar to the one used above. The hamiltonians generating the cycles of the T 3 × R of the U 1 patch of the complex four dimension space O (−3) → W P 3 1,1,1,3 read as follows: Note that, contrary to the previous case, the sum of these vectors is non zero. This property was expected and it reflects just the fact that complex 4-dimension O (−3) → W P 3 1,1,1,3 described by the hypersurface, for w 3 = 0, read as follows: Local patch U 2 : Similarly, the hamiltonians generating the cycles of the T 3 × R fibration on the U 2 = U 2 (w 1 , w 3 , w 4 , w 0 ) patch, with w 2 = f 2 (w i ), read as follows:
The vectors v
3 , (4.41) associated with the shrinking 1-cycles of these hamiltonians are
Here also, the sum of the v (2) i s is non zero
Local patch U 3 : In this case, the Hamiltonians read as,
and the associated vectors v (3) i take the form:
The sum over the v
i 's is non zero and reads as
Implementing the constraint eq(4.14) A way to get the Hamiltonians of the fibration and the toric data for O (−3) → ∂ W P But to make direct contact with the toric analysis of [1] for the topological 3-vertex of O (−3) → P 2 , it is interesting to consider separately the solutions w 1 = 0, w 2 = 0 and w 3 = 0 of the constraint eq(4.48). Divisor w 1 = 0 : Setting w 1 = 0 in eq(4.13), we get the complex 3-dimension divisor
This complex Kahler 3-fold can be covered by three patches
The hamiltonians of the T 2 1 × R fibration of these patches, with
and α and β referring to the group parameters, read as follows:
The momentum vectors of the shrinking 1-cycles read then as: Divisor w 2 = 0 : Setting w 2 = 0 in eq(4.13), we get the complex 3-dimension divisor
The hamiltonians of the T 
The momentum vectors of the shrinking 1-cycles read then as:
.
Divisor w 3 = 0 : Setting w 3 = 0 in eq(4.13), we get the complex 3-dimension divisor
3 (w 2 , w 4 , w 0 ) .
The hamiltonians of the
β , of these patches read as follows:
Divisors, edges and vertices of toric WP 3 1113
Like in the case of P 3 , the weighted projective space W P In the toric language, this weighted projective space is a tetrahedron with a T 3 fibration.
It has:
associated with w i = 0 on which the torus T 3 of W P 3 1113 reduces to T 2 . These divisors are given by
Three of these faces namely F 1 , F 2 and F 3 are isomorphic to W P each one given by the intersection of two faces F i and F j :
where T 3 of the bulk and T 2 of the faces shrink down to S 1 .
Using the relations(4.62), we can write down the defining eqs of the geometry associated to these toric edges. We have three projective lines P 1 given by
65)
and three weighted projective ones W P 1 13 as shown below:
66)
These lines are located in the different planes of C 4 .
(iii) four vertices
given by the intersection of three faces
where T 3 of the bulk, the T 2 of the faces and the S 1 cycles of the edges shrink down to zero. These vertices are given by points on the real lines of R 4 ⊂ C 4 . We have
69)
These are just the vertices of a tetraedron. In the next section we show how this tetraedron leads to build non planar topological formalism for computing the partition function of the local degenerate elliptic curve in the large complex structure limit µ → ∞.
Non planar topological formalism
In this section, we consider the example of topological closed string on the Calabi-Yau threefold hypersurface H (∞) 3
. As remarked earlier,
is embedded in the normal bundle of the complex four dimension manifold O (−3) → P 3 with web diagram as in figure (10) . For this toric realization, we have the fribration, Through this particular example, we would like to set up the basis of the non planar topological vertex formalism for the class of Calabi-Yau hypersurfaces associated with the supersymmetric gauged sigma model with non zero superpotential (2.7). More precisely, we consider the three following things: (1) we derive the structure of the non planar 3-vertex C has an interpretation in terms of 3d-partitions Π, Λ, Σ, and Γ,
(2) we give the explicit expression of the non planar topological 3-vertex C (np) 3
; first in terms of products of the planar 3-vertices and then in terms of products of Schur functions S ξ . (3) we calculate the explicit value of the topological partition function Z H 3 of the CalabiYau hypersurface H . With this programme in mind, we turn now to give details.
Deriving the non planar vertex C (np) 3
A direct way to get the structure of the non planar vertex C involves three intersecting complex projective planes P with intersections as follows P
where the curves C 1 , C 2 and C 3 are projective lines. This property implies that H has four vertices denoted as U, V , W and T where the respective incoming momenta {u i }, {v i }, {w i } and {t i } add to zero,
To get more insight on the vectors u i , v i , w i and t i , let us give some details.
(i) Vertex U The vector momenta u 1 , u 2 , u 3 and u 4 , capturing the quantum numbers of the shrinking 1-cycles on the respective edges E 1 , E 2 , E 3 and E 4 ending on the vertex U, are given by the following 3-dimensional integer vectors U :
The Calabi-Yau condition at the vertex U is given by the following conservation law, 9) in agreement with the property that all cycles shink to zero at the vertex. Notice also the two following features: First, the condition (5.9) shows that only three of the four vectors u i are linearly independent; they generate a 3d-vector space. Second, the non planar vertex C is then a non planar vertex.
(ii) Vertex V The incoming momenta {v 1 , v 2 , v 3 , v 4 } ending at the vertex V of the web diagram of H (∞) 3 read as follows V :
(5.12)
The planar patches making the non planar topological vertex V are given by,
, They satisfy the conservation laws
encoding the properties that all cycles shrink at the vertex V .
(iii) Vertex W Similarly, the incoming momenta {w 1 , w 2 , w 3 , w 4 } at the vertex W read as follows,
We also have the following planar patches At U, the non planar topological vertex C ) .
Similar relations are valid for the vertices V and W ; they read as follows, 
Explicit expression of Z H 3
In this subsection, we derive the expression of Z H 3 by using the non planar topological vertex formalism. Starting from the diagram (10), which we put it in the form (12), we can determine Z H 3 by help of the cutting and gluing method of Aganagic et al. Mimicking the planar topological vertex formalism and using eq(5.21-5.23), we obtain
where κ stands for the 2d-partitions ω, ϕ, ρ, σ, χ, ψ, ς, ι, κ while U ωϕ T ρσ T , V χρ T ψς T , W ιψ T κω T , and T ϕκ T χσ T ις T represent the non planar vertex which read in terms of the planar topological 3-vertex C αβγ as follows
σχ T ι T ∅κω T (q 3 , q 1 ) , = δ ι T κ T C σχ T ∅ (q 1 ) δ σϕ C ϕκ T ∅ (q 2 ) δ χ T ς C ςι T ∅ (q 3 ) .
(5.26)
The term H ωϕρσχψςικ = κ=ω,ϕ,ρ,σ,χ,ψ,ς,ι,κ (−e −t ) |κ| q κ(κ) is the framing factor.
Conlusion
In this paper, we have studied the topological string theory on the special class of toric Calabi-Yau hypersurfaces which are realized in terms of supersymmetric gauged linear sigma model with non zero gauge invariant superpotential W (Φ) = 0.
Recall that for the case where there is no matter self-interaction (W (Φ) = 0) the CalabiYau threefold is described by the equations of motion (2.4) of the auxiliary fields D a in the gauge multiplets. In this case the topological 3-vertex is planar and the topological string amplitudes on this kind of toric Calabi-Yau threefolds with T 2 × R fibration, is obtained by cutting and gluing method as done in [1] .
In the case where W (Φ) = 0, one has moreover extra constraint eqs on the complex scalar field variables coming from the equations of motion of the auxiliary fields F in the chiral superfields. The resulting local Calabi-Yau threefolds are still toric; but the topological vertex is non planar.
In the present study we have made a step towards the developments of non planar topological vertex formalism by focusing on the example of the Calabi-Yau hypersurface H 3 with R × T 2 fibration. We have derived the general structure of the non planar topological vertex C (np) 3
and its explicit expression as a product of the planar ones. We have also used this formalism to compute the partition function of H 3 . From the analysis on the example of the local elliptic curve in large complex structure, we have learnt that the non planar vertex shares features with the 4-vertex of CY4-folds and has an interpretation in terms of 3d-partitions. Further progress in this issues will be given in a future occasion.
